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Abstract 
A graph G is a proper interval graph if there exists a mapping r from V(G) to the class of closed 
intervals of the real line with the properties that for distinct vertices u and w we have 
r(u) n r(w) # 0 if and only if u and w are adjacent and neither of the intervals r(u), r(w) contain 
the other. We prove that for every proper interval graph G, 1 V(G)1 > 2 c(G) - c(K(G)), where 
c(G) is the number of cliques of G and K(G) is the clique graph of G. If the equality is verified we 
call G a minimum proper inter& graph. The main result is that the restriction to the class of 
minimum proper interval graphs of clique mapping G -+ K(G) is a bijection (up to isomor- 
phism) onto the class of proper interval graphs. We find the greatest clique-closed class 
I: (K(Z) = Z) contained in the union of the class of connected minimum proper interval graphs 
and the class of complete graphs. We enumerate the minimum proper interval graphs with 
n vertices. 
1. Introduction 
All graphs considered in this paper are finite undirected graphs without loops or 
multiple edges. For the most part, the graphical terminology and notation used here 
will follow that of Harary [2]. For a graph G, V(G) denotes the set of its vertices and 
E(G), that of its edges. If u and v are adjacent we shall write uv E E(G). A clique of 
a graph G is a set of vertices of G that induces a maximal complete subgraph of G. If 
no confusion arises the same symbol shall denote a clique C and the subgraph induced 
by C. We define c(G) to be the number of cliques of G. The clique graph of a given 
graph G, denoted by K(G), has the cliques of G as its vertices with Ci and Cj adjacent 
whenever Ci # Cj and Ci n Cj # 0. By K we denote the clique mapping, i.e. the mapping 
G + K(G) from the class of graphs into itself. The clique vs. vertex matrix for a graph 
G is the (Ol)-matrix such that it has a row for each clique and a column for each vertex, 
with a nonzero entry if and only if the vertex is a member of the clique. 
*Corresponding author. 
0012-365X/95/$09.50 0 1995-Elsevier Science B.V. All rights reserved 
SSDI 0012-365X(95)00007-6 
78 M. Gutierrez. L. Oubifiaj Discrete Mathematics 142 (1995) 77-85 
An undirected graph G is called an interval graph if there exists a mapping r from 
V(G) to the class of closed intervals of the real line with the property that for distinct 
vertices v and w we have r(u) n r(w) # 0 if and only if v and w are adjacent. Mapping 
r is called a representation of the graph. If in addition r is injective and no interval of 
the image of r contains another interval, G is called a proper interval graph. In this case 
r is called here a proper representation of G. 
In [S] Roberts showed that proper interval graphs are equivalent to the indifirence 
graphs of Mathematical Psychology. Independently-under the name of time 
graphs-they were considered to model epidimicity (see [3]). Batbedat in [l] defined 
the equivalent concept of pyra graphs in the context of Taxonomy: the adjacent 
matrix (with 2 instead of 0) is permutable to Robinson form, i.e. the coefficients of rows 
and columns increase from each coefficient of the main diagonal. 
In Section 2 we prove that for a proper interval graph G, ( V(G)/ > 2 c(G) - 
c(K(G)). If the equality is verified we call G a minimum proper interval graph. The main 
result (Theorem 3.1) is that the restriction to the class of minimum proper interval 
graphs of clique mapping K is a bijection onto the class of proper interval graphs. 
Hedman [3] proved that the class II of proper interval graphs is clique-closed (i.e. 
K(D) = n). Since very few clique-closed classes of graphs are known (see [3]) we 
show, in Section 4, a simple clique-closed class whose elements are connected min- 
imum proper interval graphs or complete graphs. This class is, in addition, the 
greatest with respect to inclusion. 
In Section 5 we enumerate minimum proper interval graphs with n vertices by 
following the method used by Maehara [4] for enumerating proper interval graphs 
with II vertices. 
2. Minimum proper interval graphs 
Definition 2.1. A graph G is a proper interval graph if there exists a mapping r from 
V(G) to the class of closed intervals of the real line such that for all v # w E V(G) we 
have (1) VW E E(G) if and only if r(v) n r(w) # 0 and (2) r(v) $ r(w). 
Mapping r will be called a proper representation of G. 
A graph G and a total order < on V(G) are compatible [6] if for all x, y, z in V(G) 
x < y < z and xz E E(G) implies xy,yz E E(G). 
Roberts [S] proved that a graph G is a proper interval graph if and only if G is 
compatible with some total order. From this result it is easy to prove the following 
theorem which appears in [4,1]. 
Theorem 2.2. A graph G is a proper interval graph ifand only ifevery clique of G is an 
interval with respect to a total order on V(G). This order is compatible with G. 
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Let G be a proper interval graph and r a proper representation of G. By Ends(r) we 
denote the set of end points of intervals in the image of r. 
Theorem 2.3. If G is a proper interval graph then 
min{ /Ends(r r is a proper representation of G} = 21 V(G)1 - c(G). 
Proof. Let r be a proper representation of G. We suppose that ul, . . . , u, is an ordering 
of I’(G) such that, for every i, i = 1, . . . , n, r(ui) = [ai, bi], with ai < ak whenever i < k. 
The only possible equality between two end points of intervals [ai, bi], i = 1, . . . , n, 
is of the form bi = aj with i < j (the equality holds only for isolated vertices). Clearly 
this case implies that vi, Ui + 1, . . . , Uj is a clique of G. Hence )Ends(r)) > 21 V(G)1 - c(G). 
It is easy to see that it is possible to modify r so that to each clique of G corresponds 
an equality of end points, then the theorem follows. Cl 
In view of this theorem a proper representation of a proper interval graph G will be 
called minimum if the number of end points of intervals is 21 V(G)1 - c(G). 
Let G be a proper interval graph and ui, . . . , u, an ordering of V(G) compatible with 
G. By Theorem 2.2 each clique of G is an interval [Oi, Uj]. We see that K(G) is also 
a proper interval graph by assigning the real interval [i,j] to the [Vi, Uj]. We will say 
that the mapping [Vi, Uj] --) [i,f is the proper representation of K(G) induced by the 
ordering vi, . . . . u,. 
Theorem 2.4. Zf G is a proper interual graph and R is a proper representation of K(G) 
induced by a compatible order on V(G) then 
I V(G)1 > IEnds(R)I 3 2c(G) - c(K(G)). 
Proof. Since R is an induced representation of K(G) we have I V(G)! > lEnds(R then 
by Theorem 2.3 the theorem follows. 0 
Definition 2.5. A proper interval graph is minimum if 
I V(G)( = 2c(G) - c(K(G)). 
The following equivalence relation E on the vertices of a graph G is defined in [6] : 
x E y if and only if xy E E(G) and (Vz)(xz E E(G) o yz E E(G)). The quotient graph is 
denoted by G * and G is reduced if G z G*. 
The following theorem is proved in [6]. 
Theorem 2.6. In a connected non trivial reduced proper interval graph there are exactly 
two compatible orders, one being the reverse of the other. 
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(a) (b) 
Fig. 1. Two reduced proper interval graphs with the same clique graph. 
Theorem 2.7. A proper interval graph G is minimum ifand only ifG is reduced and, for 
some compatible order on V(G), every vertex of G is the first or the last element of 
a clique of G. 
Proof. It is easy to see that for every graph S, K(S) = K(S*). 
Suppose that G is a minimum proper interval graph. Since G* is isomorphic to an 
induced subgraph of G, G* is also a proper interval graph. Then 1 V(G*)( 2 2c(G*) 
- c(K(G*)) = 2c(G) - c(K(G)) = 1 V(G)I. Hence, ( V(G*)l = I V(G)l, which proves 
that G is reduced. 
Let R be a proper representation of K(G) induced by a compatible order on V(G). 
By Theorem 2.4, ) V(G)1 = (Ends( which completes the assertion of the theorem. 
Conversely, let G be a graph under the conditions of the theorem. Let { Ci, . . . , C,} 
be a clique of K(G). Since G is reduced JC1 n ... n C,( < 1. Because the cliques of 
G are intervals (with respect to a compatible order) and Ci n Cj # 8 for all i,j, the 
total intersection is nonempty. Then lC1 n ... n Cm1 = 1. Hence, any representation 
R of K(G) induced by a compatible order on V(G) is minimum (see proof of Theorem 
2.3). Then IEnds(R)( = 2c(G) - c(K(G)). By the second assumption V(G) = Ends(R). 
Hence, G is minimum. 0 
Fig. l(a) shows a reduced but not minimum proper interval graph. 
3. Main result 
In [3] it is proved that clique mapping K restricted to proper interval graphs is 
a surjection onto the class of proper interval graphs (moreover, proper interval graphs 
are characterized by the property of being the clique graphs of interval graphs), but it 
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is not injective as it is shown by graphs (a) and (b) of Fig. 1 which are reduced proper 
interval graphs with the same clique graph. 
Theorem 3.1. The restriction to the class of minimum proper interval graphs of clique 
mapping K is a bijection (up to isomorphism) onto the class of proper interval graphs. 
First, we give some preliminary results. 
Let r be a proper representation of a proper interval graph G. Let H(r) be the graph 
such that V(H(r)) = Ends(r) and for distinct vertices x,y, xy E E(H(r)) if and only if 
there exists v E V(G) such that x,y E r(v). 
The following lemma gives some properties of graph H(r). 
Lemma 3.2. (1) Let G be a proper interval graph. If r is a proper representation of 
G then H(r) is a proper interval graph such that K(H(r)) z G. Moreover, r is a minimum 
proper representation of G if and only if H(r) is a minimum proper interval graph. 
(2) If S is a minimum proper interval graph, then there exists a minimum proper 
representation s of K(S) such that H(s) x S. 
(3) Ifs and t are minimum proper representations of a proper interval graph G, then 
H(s) z H(t). 
Proof. (1) Because r is a proper representation, the family of cliques of H(r) is 
(r(v) n Ends(r)),,v(,, and two cliques (r(u) n Ends(r)) and (r(v) n Ends(r)) are adjac- 
ent in K(H(r)) if and only if r(u) n r(v) # 0. Therefore K(H(r)) and G are isomorphic. 
Moreover, by Theorem 2.2, H(r) is a proper interval graph since its cliques are 
intervals with respect to the real order on Ends(r). 
Since 1 Ends(r)! = 1 V(H(r))l, by Theorem 2.4 the last assertion of (1) follows. 
(2) Let s be a proper representation of K(S) induced by a compatible order on V(S). 
Then H(s) is an induced subgraph of S. By Theorem 2.4, (V(S)1 = )Ends(s)( = 
1 V(H(s))l, which implies H(s) x S. Moreover, by (1) s is a minimum representation. 
(3) Suppose that G is connected (the general case is easily proved reasoning on each 
component). 
Suppose that vl, v2, . . . , v, is an ordering of V(G) such that, for every i, i = 1, .,. , n, 
S(Vi) = [ai, bi] with ai < ak whenever i < k. Then ordering vl, . . . , v, and G are compat- 
ible. 
Let Ccl,dIl, .. . . [cn,dn] be the intervals of the image of t ordered also by their left 
end points and vkI, ..,, t&n the compatible order on V(G) such that t(Vki) = [Ci,di], 
i= l,...,n. 
The equivalence classes by the relation E, defined in Section 2, are intervals of any 
compatible order in V(G). 
By Theorem 2.6 we can suppose, without loss of generality, that the order of the 
equivalence classes is the same either when it is induced by their representatives in the 
sequence VI, . . . , 0, or in vkl, . . . ) ok,, (if it is not, change t for the representation 
v -+ [ - y, - x], where t(v) = [x, y]). 
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Bijection h on I’(G) given by h(Ui) = u,+i s then a permutation on each equivalence 
class. Hence t’ = t oh is a minimum proper representation of G such that H(t) = H(t’) 
and, for every Ui E I’(G), t’(ui) = [ci,di]. 
We define mapping f: Ends(s) --f Ends(t’) by 
f(Ui) = ci and f(bi) = di 
Mappingfis well defined because if bi = Uj, for i < j, intervals s(Ui)r s(Oi+ r), . . . , S(Uj) 
represent the vertices of a clique C of G. Then t’(Ui), . . . , t’(uj) also represent the vertices 
of C. Hence, because t’ is minimum (see the proof of Theorem 2.3), di = cj. 
The proof that f is an isomorphism is left to the reader. 0 
Proof of Theorem 3.1. Let G be a proper interval graph and r a minimum proper 
representation of G. By (1) of Lemma 3.2 M = H(r) is a minimum proper interval 
graph such that K(M) z G. 
Let S and T be minimum proper interval graphs and h an isomorphism from K(S) 
to K(T). By (2) of Lemma 3.2 there exist minimum proper representations s and t of 
K(S) and K(T) respectively, such that H(s) z S and H(t) x T. Clearly t 0 h is a min- 
imum proper representation of K(S). So, by (3) of Lemma 3.2., H(s) x H(t 0 h) 
= H(t). 0 
4. A clique-closed class 
A class n of graphs is called clique-closed [3] if 
K(n) = {K(G); G E fl> = n. 
As is shown in Section 2 the clique graph of.a proper interval graph is also a proper 
interval graph. So, Theorem 3.1 completes the proof that the class of proper interval 
graphs is clique-closed. This result is proved in [3] from the definition of time graphs. 
Hedman [3] denotes, for any graph G, K(K(G)) by K’(G), and in general, 
K(K”-i(G)) = K”(G). He proves that for any connected non trivial proper interval 
graph G, ) V(G)1 > ( V(K(G))j and defines the index of G as the smallest positive integer 
n such that K”(G) is a trivial graph. Then, every clique-closed class containing some 
proper interval graph must intersect the class of complete graphs. 
Let 52 be the class of complete or connected minimum proper interval graphs. This 
class is not clique-closed, for instance, the graph of Fig. 1 (b) is minimum but its clique 
graph is K,-(an edge). In view that very few clique-closed classes of graphs are known 
(see [3]), we now show a simple clique-closed class contained in Q. This class is, in 
addition, the greatest with respect to inclusion. 
We first construct the sequence (G”) h ,,,> 1 of graphs by successively applying the 
inverse of clique mapping K from the class of proper interval graphs onto the class of 
minimum proper interval graphs (see Theorem 3.1), beginning with the complete 
graph K,,. It is easy to see that this sequence can be defined inductively from clique vs. 
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A m 
Fig. 2. The first three graphs of sequence (CT) 
vertex matrices, for every integer h 2 1, in the following manner: G,’ = K,; the clique 
vs. vertex matrix of Gr+’ has the ones of the ith row in the columns i, . . . , i + h - 1 
and it is obtained from that of GI: by adding h - 1 rows and h - 1 columns. 
Hence, for every m 2 1, the cliques of Gr are isomorphic to K,,. Fig. 2 shows the first 
three graphs of sequence (Gy). 
Theorem 4.1. C = { Gr; m 2 1, h 2 1) is a clique-closed class contained in Sz and, for 
every clique-closed class Il E 52, 17 E C. 
Proof. By construction, C is a clique-closed class contained in Q. Let G E n. If G is 
complete then G E C. If index i of G is two, then K(G) = K, for some h 3 2. Hence, by 
Theorem 3.1, G is isomorphic to Gz. If i > 2 then K’-‘(G) has index 2. Hence, 
K’-‘(G) E C and, by Theorem 3.1, Kim3(G), . . . . G are in C. 0 
The formula 1 V(G?)I = m(h - 1) + 1 shows that the number of graphs in C with 
n vertices is the number of divisors of n - 1. 
5. The number of connected minimum proper interval graphs 
In [4] Maehara enumerated connected proper interval graphs with n vertices by 
using (0, 1, - 1, fl)-sequences. Performing slight modifications it is possible to 
enumerate connected minimum proper interval graphs with n vertices. 
With our terminology, if G is a proper interval graph with n vertices compatible 
with order v1 d .‘. d v,, Maehara assigned to pair (G, 6 ) the sequence br, . . . , b, 
84 M. Gutierrez, L. Oubifial Discrete Mathematics 142 (1995) 77-85 
defined by 
1 
0 if Ui is the first element of a clique and 
the last of another one, 
bi= 1 if vi is the first element of a clique, 
if ui is the last element of a clique, 
& otherwise. 
By Theorem 2.7, if G is a minimum proper interval graph, the corresponding 
sequence does not have J-1 elements and if bi = 1 then bi+ 1 # - 1. By Theorem 
2.6, there are at most two sequences corresponding to G and only one if and only if 
bijection ui + 0, - i + 1 is an automorphism of G. In this case G is called symmetric. 
By M, we denote the number of connected minimum proper interval graphs with 
n vertices and by M,” the number of those which are symmetric. Evidently, 
MI = M”, = 1 and Mz = 0. For the other cases we have the below result. We omit the 
proof because it is similar to the proof of Theorem 2 [4]. 
Theorem 5.1. For n > 2, 
I 
(n/Z) - 1 
chi2.1 + C (4nj2,k-4(ni2)-l.k-1) if n is even, 
M", = k=2 [n/21 
c %lZl.k if n is odd, 
k=l 
Mn = l/W,-,,, + WJ> 
where q,,,k is defined by 
q,,,k = 0 for k 6 0 or k > m, 
41.1 =42,1 =q2,2= 1, 
4m.k = qm-1.k + qm-l.k-1 + qm-l,k+l - qm-2.k for m ’ 2 and k ‘O. 
Table 1 in [4] shows the number ct, of connected proper interval graphs with 
n vertices. We complete it by adding the values of M, and M”,. 
n 1234 5 6 7 8 9 10 
cr, 1 1 2 4 10 26 76 232 750 2494 
M, 1 0 1 1 2 3 6 11 23 47 
M,” 1 0 1 1 2 2 4 5 9 12 
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